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Abstract — The behaviour of two well-known
image registration techniques, namely the cross-
correlation and the phase-correlation algorithms,
for input signals corrupted by additive white noise,
is studied in the frequency domain. Useful expres-
sions of the displacement measurement error vari-
ance are presented, which allow for the analysis of
the accuracy of both methods.

1. INTRODUCTION

Estimating the displacement (or misregisiration) vec-
tor associated to the shifted version of a given signal is
a fundamental issue in one-dimensional signal process-
ing (radar), as well as in image processing and computer
vision. Guidance systems, satellite multispectral aquisi-
tion, assembly operations, stereopsis, image sequences sta-
bilization, television motion measurements, are practical
fields of application of image registration algorithms.

An important feature is the possibility of accurate sub-
pixel measurement, attainable only if the input images are
correctly band-limited prior to sampling. On the other
side, many factors, such as the sensor noise and geomet-
rical image distortions, may lower the accuracy of any
registration algorithm.

The optimal least squares solution to the registration
problem is attained by the “traditional” cross-correlation
technique. The effectiveness of such an algorithm for the
detection of large area displacement, and its robustness
to noise, are well known [1],[2]. Interpolation procedures
for measuring subpixel displacements have been studied
extensively [3]-{5].

One disadvantage of the direct cross-correlation tech-
nique, is that sometimes the presence of secondary max-
ima makes it difficult to select the actual maximum; more-
over, the cross-correlation peak may be rather broad, so
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that the accuracy in determining its position may be poor
[6]-

A way of sharpening the cross-correlation peak is to
“whiten” the input signals. A statistical approach to the
whitening problem was proposed by Pratt [6], while a de-
terministic technique is the basis of the so-called phase-
correlation technique [7]-[10}. Such a method can be
shown to be equivalent to adopting a whitening filter of
FIR type, designed by means of the frequency sampling
technique.

The aim of this work is testing the robustness of
the cross-correlation and phase-correlation techniques to
small amounts of additive white noise. Subpixel interpo-
lation is obtained by means of the efficient interpolation
algorithm of [7]. Useful expressions of the measurement
error (as the difference between the peak position and the
“true” displacement vector) are presented, which are in-
strumental for the worst-case analysis, as well as for the
estimation of the error variance.

For the sake of notation simplicity, the analysis is de-
veloped only for one-dimensional signals. The results may
be easily extended to the two-dimensional case.

11. CROSS-CORRELATION AND PHASE-CORRELATION
ALGORITHMS

Let z;(t) and z2(t) be the input signals, sampled with
period T, and assume the input sequences are made of
L samples each. If X;(k) = |Xi(k)|e?**) | Xa(k) =
| X2(k)|e?¥*(*) are the corresponding DFT sequences, the
direct cross-correlation [2] and the phase-correlation algo-
rithms [8] may be stated as follows:

Cross-correlation: Find the position of the maximum of
sequence

DFT™" (X7 (E)X2(k)) (1)
Phase-correlation: Find the position of the maximum of
sequence

-1 [ XT(E)X5(k)
DFT™! (—1-— 2
X5 (6) X2 (F) @)
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As a matter of fact, (1) represents the expression of the
circular cross-correlation of z,(nT) and z3(nT). In order
to get the “true” cross-correlation sequence, it is necessary
to pad out the input sequences by a suitable set of zero-
valued samples {2].

Note the (2) represents the circular cross-correlation of
two sequences, obtained by filtering z,(nT’) and z2(nT) by
“whitening” zero-phase FIR filters H; (¢/*) and H (%)
respectively. Their length is L, and they satisfy the
“whitening” conditions

2k

Hi(@*) =1/ |X:(k)| ,i=1,2, wp = T (3)

An effective procedure for interpolating the cross-
correlation sequence (1) and the phase-correlation se-
quence (2), in order to get subpixel registration accuracy
(virtually, to any extent), is that of padding out the se-
quences which are the argurnents of the DFT™! operator
in (1) and (2) by a suitable set of zero-valued samples [7].
Consider for example expression (1), which yields L sam-
ples, spaced by period T', of the circular cross-correlation
of sequences z;(nT) and z3(nT). Assume signals z,(1)
and z3(t) are correctly band-limited. For obtaining the
values of the “continuous” cross-correlation function of
z1(t) and r3(t) at nT/2, one has to pad out sequence
X (k)X2(k) with L zero-valued samples before perform-
ing the inverse DFT operation.

Having this notion in mind, the accuracy analysis
will be performed considering the “continuous” cross-
correlation or phase-correlation function, respectively ob-
tained by interpolating (1) or (2).

Assuming the input signals energies are normalized to
the unit, by means of the Parseval theorem it can be seen
[10] that the cross-correlation and phase-correlation algo-
rithms are equivalent to the following procedures in the
frequency domain:

Cross-correlation: Find 7 € R which minimizes form

51 .
X3 (B)X,(k) — =327 £ (4)
k=0
Phase-correlation: Find 7 € R which minimizes form
Ly
3 [eea-een _ et ’ (5)
k=0

The minima of (4) and (5) correspond to the zero-
crossing of their corresponding derivatives with respect to
7. Therefore, the estimated displacement 73 is a solution

of equation

L
- EG@IX) sin (k) - () + 227 =0
k=0

LT
(6)
for the direct cross-correlation case, and of equation
&
. Er
¥ ksin(mat) - +25T) =0 (1)
LT
k=0
for the phase-correlation case.
III. AcCURACY ANALYSIS
In the “ideal case”, z(t) is a shifted version of z;(t):
z3(t) = 2,(t — tp) for some ¢, (8)

Xa(k) = Xy (k)e i E#

therefore the solution of both (6) and (7) is 7 = ¢y.

In practice, condition (8) is hardly met, due to many
causes (windowing, geometric distorsion, noise, etc. ). In
this paper, we consider the effect of gaussian additive
white noise w(t), uncorrelated with the input signals:

22(t) = 1 (t — to) + w(t) (9)
Let W(k) be the DFT sequence of w(nT), and put
ki

Pulk) = pa(k) + 2072 (10)
Term @, (k) will be referred to as the phase noise.

Under the hypothesis of small noise variance, it is possi-
ble to linearize equations (6) and (7) in the neighbourhood
of tp. Approximate expressions for the registration error
Ap = 19 — tp are therefore:

Cross-correlation

Ay = LT ZES BB (4 p(8) (k)

— (11
T BXOP A+ k) )
Phase-correlation
L1
Ao = g_TZk=1L kl‘Pn(k) (12)
T 2" 2
Zl:l {
whith p(k) = (|X3(k)| - |X;(k)]) /| X1(k).  Since

lp(k)l < |W(E)|/ X1 (k)], if the DFT magnitude of the
noise samples is small with respect to the corresponding
values X; (k) (which may be assumed to hold true in the
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case of small noise variance), terms p(k) may be neglected.
Therefore a simpler expression for the registration error is:

Cross-correlation

L_
Ao & 522;211 k X0 (k)1 e (k)
M AT G P

(13)

Equations (13) and (12) are instrumental for the accuracy
analysis. We first give the guidelines for the worst-case
analysis. It is easy to see that

: |W(k)|)
(k)| < arcsin ( 14
Under  the  previously stated  hypothesis
(IW(k)] < |Xi(k)|), the approximation
: lW(k)l) (W (k)|
~ 15
wesin (5208}) = o 00 (19

may be used. Hence, from (13) and (12) it is possible
to derive upper bounds for the measurement error magni-
tude:

Cross-correlation
L1
LTS 250 kX (B) W (k)|
IAD|S ng_lk_ll l( )H 2( ) (16)
T Blxal
Phase-correlation
L1 \W(k
2k
Ao ~ LT L= [ X1 (k) a7

We now consider the statistical approach, in order to
achieve an expression of the variance of A (as in [11]).
Under the hypothesis w(?) is white and gaussian, one can
show that the random variables i, (k) are uncorrelated.
Since w(t) is assumed to be uncorrelated with the (de-
terministic) input signals, it is possible to obtain simple
expressions for the registration error variance 0%

Cross-correlation

L
. (LT\*Tén B IXim)t e
OA0 = ‘27 (

wn(k)
Phase-correlation

(18)
T B

L_

1
9 (LT)2 k=1 kz"in(k)

a0 = | 5 2 (19)
27 L_
(s r)

where 07, is the variance of pn (k). Note that the values
o2 (k) are dependent on X, (k).

Expressions (18) and (19) allow for the easy estimation
of the displacement measurement error variance in both
methods, for a given sequence z1(nT), in light of the fact
that one can easily relate terms a:n(k) with the noise vari-
ance 02, and the DFT sample values X; (k).

1V. RESULTS AND FINAL REMARKS

By means of expressions (16) and (17) (worst-case analy-
sis) or expressions (18) and (19) (statistical analysis), it is
possible to check the sensitivity of the cross-correlation
and phase-correlation algorithms with repect to small
amount of additive white gaussian noise. Such an analy-
sis may be adopted to estimate the tolerance in determin-
ing the displacement between two images, as well as to
compare the two methods with respect to the measuring
accuracy.

The analyses have been carried out both for low-pass
and high-pass inputs. The main results are:

o Both methods are more sensitive to noise for low-pass
inputs (blurred images) than they are for high-pass
inputs (textured, sharp images)

¢ Phase-correlation technique is more sensitive to noise
than direct cross-correlation is, both for low-pass and
high-pass inputs

The latter result is of significance, since it states that
increasing the robustness in detecting the correlation max-
imum (by sharpening the correlation peaks), comes at the
expense of increased sensibility to noise of the computed
maximum position.
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